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Abstract 

This paper studies one-parameter formal deformations of Horn-Lie-Yamaguti 
algebras. The first, second and third cohomology groups on Horn-Lie-Yamaguti 
algebras extending ones on Lie-Yamaguti algebras are provided. It is proved that 
first and second cohomology groups are suitable to the deformation theory involving 
infinitesimals, equivalent deformations and rigidity. However, the third cohomology 
group is not suitable for the obstructions. 
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1 Introduction 

Lie-Yamaguti algebras were introduced by Yamaguti in [20] to give an algebraic in¬ 
terpretation of the characteristic properties of the torsion and curvature of homogeneous 
spaces with canonical connection in izg. He called them “generalized Lie triple systems” 
at hrst, which were later called “Lie triple algebras”. Recently, they were renamed as 
“Lie-Yamaguti algebras”. 

A Hom-type algebra is a kind of algebras whose identities dehning the structures are 
twisted by a linear homomorphism (the twisting map). When the twisting map is the 
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identity map, one recovers the original algebra. The notion of Hom-type algebras was 
initially introduced in as “Horn-Lie algebras” to describe the g-deformation of the 
Witt and the Virasoro algebras. For more information on various Hom-type algebras one 
may refer to [2l[3lll3lll6l[l8l|23l|2ll|27l|28]. In particular, the notion of Horn-Lie Yamaguti 
algebras was introduced by Gaparayi and Nourou in [B]. 

A Hom-Lie-Yamaguti algebra (HLYA for short) is a quadruple (L, [•, •], {•, •, •}, a) 
in which L is a vector space over a held K, “[•,•]” a binary operation and a 

ternary operation on L, and a : L —)■ L a linear map such that for all x, y, z,u,v ^ L, 


a{[xy]) = [a{x)a{y)], (1.1) 

a{{xyz}) = {a{x)a{y)a{z)}, (1.2) 

[xx] = 0, (1.3) 

{xxy} = 0, (1.4) 

Ox,y,z {[[xy]a{z)] + {xyz}) = 0, (1.5) 

Ox,y,z {{[xy]a{z)a{u)}) = 0, (1.6) 

{a{x)a{y)[uvW = [{xyu}a^{v)\ -f- [a^{u){xyv}], (1.7) 


{a\u)a%v){xyz}} = {{uvx}a\y)a%z)} + {a\x){uvy}a\z)} + {a\x)a%y){uvz}}, (1.8) 

where C)x,y,z denotes the sum over cyclic permutations of x, y, z. 

HLYAs generalize Hom-Lie triple systems and Hom-Lie algebras in the same way as 
Lie-Yamaguti algebras generalize Lie triple systems and Lie algebras, i.e., if {xyz} = 0 
for all x,y,z E L, then (L, [•,•], a) becomes a Hom-Lie algebra; if [xy] = 0 for all x,y E L, 
then (L, {•,•,•}, a^) becomes a Hom-Lie triple system. When a = id^, (L, [•,•],{•,•, •}) 
becomes a Lie-Yamaguti algebra. There are more examples and properties about HLYA 
in PITj. 

A deformation is a tool to study a mathematical object by deforming it into a fam¬ 
ily of the same kind of objects depending on a certain parameter. Deformation problems 
appear in various areas of mathematics, especially in algebra, algebraic and analytic geom¬ 
etry, and mathematical physics. The deformation theory was introduced by Kodaira and 
Spencer to study complex structures of higher dimensional manifolds (see dl), which 
was extended to rings and algebras by Gerstenhaber in [HHH] and to Lie algebras by 
Nijenhuis and Richardson in IZH. They connected deformation theory for associative al¬ 
gebras and Lie algebras with Hochschild cohomology and Ghevally-Eilenberg cohomology, 
respectively. See also [Tllll[5l[T5l[I7l[T9l[20] for more deformation theory. 

The aim of this paper is to consider the cohomology theory and the one-parameter 
formal deformation theory of HLYAs based on some work in [TBlfTTj 1231, 125]. The rest 
of this paper is organized as follows. In section 2, we dehne the hrst, second and third 
cohomology groups on HLYAs and show that the hrst cohomology group corresponds to 
the derivations space of a HLYA. Section 3 concerns the one-parameter formal deformation 
theory of HLYAs. We show that the hrst and second cohomology groups dehned in Section 
2 hts this one-parameter formal deformation theory but the third one does not. 

Throughout this paper K denotes an arbitrary held. 
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2 First, second and third cohomology groups of a 
Horn-Lie-Yamaguti algebra 

Inspired by the cohomology theory of Lie-Yamaguti algebras in [25], we introduce the 
first, second and third cohomology groups of HLYAs. 

Definition 2.1. Let (L, [•,•],{•,•,•}, a) be a HLYA. An n-linear map f : L x ■ y x L —)• L 

n times 

is called an n-Hom-cochain, if f satisfies 

/(xi, • • • , X 2 i- 1 , X 2 i, - ■ ■ ,Xn) = 0, for X 2 i-l = X 2 i, (2.1) 

f{a{xi), • • • , a{xn)) = ao /(xi, • • • , x„). (2.2) 

The set of n-Hom-cochains is denoted by HomC^{L, L), for n > 1. 

Definition 2.2. Suppose that (L, [•, •], {•, •, •}, a) is a HLYA. 

(i) A 1-coboundary operator o/ (L, [•,•],{•,•,•}, a) is a pair of maps 

{6} HomC^{L, L) x HomC^ (L, L) —^ HomC^ {L,L)x HomC^ (L, L) 

(/,/) ^ (<^l/,4/) 

for f G HomC^{L, L) and 

^]f{x,y) = [xf{y)] + [f{x)y] - f{[xy]), 

y, z) = {f{x)yz} + {xf{y)z} + {xyf{z)} - f{{xyz}). 

(a) A 2-coboundary operator o/ (L, a) is a pair of maps 

{Sj, 5]j) : HomC^{L, L) x HomC^{L, L) —^ HomC^{L, L) x HomC^{L, L) 

{f,9) '—t {6^jf,6^jjg) 

for f G Home‘s{L, L),9 ^ HomC^{L, L) and 

S]fix, y, z, u) ={a{x)a{y)f{z, n)} - fi{xyz}, a‘^{u)) - f {a‘^(z), {xyu}) 

+ ^(a(x), a{y), [zu]) - [a‘^{z)g{x, y, u)] - [g{x, y, z)a‘^{u)], 
^n9ix, y, M, V, w) ={a‘^{x)a‘^{y)g{u, v,w)}- {g{x, y, u)a‘^{v)a‘^{w)} 

- {a‘^{u)g{x, y, v)a'^{w)} - {a‘^{u)a^{v)g{x, y, w)} 

+ g{a‘^{x),a‘^{y),{uvw}) - gi{xyu}, a^(n), a^^iw)) 

- 9i<^‘^{u),{xyv}, a‘^{w)) - g{a‘^{u), a‘^{v), {xyw}). 

(Hi) A 3-coboundary operator o/ (L, [•,•],{•,•,•}, a) is a pair of maps 

(hf, 6)j) : HomC^{L, L) x HomC^{L, L) —^ HomC^{L, L) x HomC\L, L) 
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{f,9) '—^ 

for f G HomC^{L, L), g G HomC^{L, L) and 

,xe) 

={a^(xi)a^(x 2 )f(x 3 , ■■■ yXe)}- {a^(x3)a^(x4)f(xi,X2, X 5 , Xq)} 

2 6 

+ E E (-l)^f(a^(xi), ■■■ , a^(x2k-i),o;^(x2k), • • • , {x2k-iX2kXi}, ■■■ , a^ixe)) 

k=l i=2k-l-l 

- 9(a(xi), ■ ■ ■ ,a(x4), [x^Xq]) + [a‘^{x3)g{xi, ■ ■ ■ ,X4 ,Xq)] + [^(xi, • • • ,X3)a‘^{xQ)], 


■■■ ,x-j) 

3 

= y^(-l)^+^{Q;^(a;2fc-i)«^(x2fc)^(a^i, • • • , • • • ,x^) 

k=l 

3 7 

+ E E {-lfg{a^{xi), • • • , a^{x2k-i), Oi‘^{x2k), • • • , {x2k-iX2kXi}, • • • , 

k=l i=2k-\-l 

+ {g{xi, • • • , X5)a^(x6)a‘^(x7)} - {g{xi, ■■■ , X4, X6)a'‘(x5)a'^(x7)}, 
where the sign " indicates that the element below must be omitted. 

Theorem 2.3. The coboundary operators {6},S}j) are well defined, for i = 1,2,3. 

Proof. Take (/,/) G HomC^{L, L) x HomC^{L, L). It is clear that 6}f and 6}jf 
satisfy fl2.ip . Notice that 

6}f{a{x), a{y)) =[a{x)f{a{y))] + [f{a{x))a{y)] - f{[a{x)a{y)]) 

=a{[xf{y)]) + a{[f{x)y]) - a{f{[xy])) =ao d]f{x, y) 


5]j{a{x), a{y),a{z)) ={f{a{x))a{y)a{z)} + {a{x)f{a{y))a{z)} + {a{x)a{y)f{a{z))} 

- f{{a{x)a{y)a{z)}) 

=a{{f{x)yz} + {xf{y)z} + {xyf{z)} - f{{xyz})) 
=aoS]jf{x,y,z). 

Then (d},d}j) is well dehned. 

Now let (f,g) G HomC‘^{L, L) x HomC^{L, L). Then Sjf and Sj^g satisfy fl2.1l) and 
5‘jf{a{x),a{y),a{z),a{u)) 

={a‘^{x)a‘^{y)f{a{z), a(n))} - f{a{{xyz}), a^{u)) - fia^iz), a{{xyu})) 

+ 9 i<^^ix),a‘^iy),a{[zu])) - [a^{z)g{a{x),a{y), a{u))] - [g{a{x),a{y), a{z))a^{u)] 
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=a{{a{x)a{y)f{z, u)}) - a o f{{xyz}, a‘^{u)) -ao f{a^{z), {xyu}) 

+ ao g{a{x),a{y), [zu]) - a{[a‘^{z)g{x, y, m)]) - a{[g{x, y, z)a‘^{u)]) 

=ao 6]f{x,y,z,u). 

Similarly, 

6‘jig{a{x),a{y),a{u),a{v),a{w)) = ao S]jg{x,y,u,v,w). 

One proves {6^f,6jjg) G HomC^{L, L) x HomC’^{L,L) if {f,g) G HomC^{L,L) x 
HomC^{L, L) in the same way. Hence the theorem follows. □ 

Moreover, for (/, g) G HomC‘^{L, L) x HomC^{L, L), we define another 2-coboundary 
operator of (L, [•, •], {•, •, •}, a) as 

{(fj, djj) : HomC^{L, L) x HomC^{L, L) —^ HomC^{L, L) x HomC^{L, L) 

{f,9) '—t {djf,d‘jjg) 

where 

djfix, y, z) = C)x,y,z {[fix, y)a{z)] + f{[xy],a{z)) + g{x, y, z)), 
dji9{x, y, z, u) = C)x,y,z {{f{x, y)a{z)a{u)} + g{[xy],a{z),a{u))). 

It is easy to prove that (df, dfj) is well dehned. 

Theorem 2.4. With notations as above, we have 

{d‘i^d]i){5],6]i) = (0,0), {d],d]j){5],5]j) = (0,0), {d],du){d],6]j) = 0. 

Proof. Suppose (/,/) G HomC^{L,L) x HomC^{L,L). Then 

{5],5j,){6].dh){f,f) = {5],6jmf.dhf) = {6]6]f,6jj6]jf). 

Using fll.Tp . fll.Sp and fl2.2p . we have 

d‘jS]f{x,y,z,u) 

={a{x)a{y)S}f{z, u)} - 6}f{{xyz}, a‘^{u)) - 6} f {a^^{z), {xyu}) 

+ d}jf{a{x), a{y), [zu]) - [a^{z)5]jf{x, y, u)] - [S}if{x, y, z)a^{u)] 
={a{x)a{y)[zf{u)]} + {a{x)a{y)[f{z)u]} - {a{x)a{y)f{[zu])} 

- [{xyz}fa^{u)] - [f{{xyz})a‘^{u)] + f{[{xyz}a‘^{u)]) 

- [(^‘^{z)f{{xyu})] - [fa‘^{z){xyu}] + f{[a‘^{z){xyu}]) 

+ {fa{x)a{y)[zu]} + {a{x)fa{y)[zu]} + {a{x)a{y)f{[zu\)} - f{{a{x)a{y)[zu]}) 

- [a‘^{z){f{x)yu}] - [a^{z){xf{y)u}] - [a^{z){xyf{u)}] + [a^{z)f {{xyu})] 

- [{f{x)yz}a^{u)] - [{xf{y)z}a'^{u)] - [{xyf{z)}a‘^{u)] + [f{{xyz})a‘^{u)] 

=0 
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and 


^]i^]if{x,y,u,v,w) 

={a^{x)a^{y)5]j{u, n, n;)} - {5]if{x, y, u)a^{v)a^{w)} - {a^{u)5]jf{x, y, v)a^{w)} 

- {a^{u)a^{v)5]j{x, y,w)} + S}j{a^{x), a‘^{y), {uvw}) - 6]jf{{xyu}, a^{v),a^{w)) 

- Sjifia'^iu), {xyv}, a^{w)) - 6}jf{a‘^{u), a^(n), {xyw}) 

={a‘^{x)a‘^{y){f{u)vw}} + {a‘^{x)a‘^{y){uf{v)w}} + {a‘^{x)a‘^{y){uvf{w)}} 

- {a^{x)a‘^{y)f{{uvw})} - {{f{x)yu}a‘^{v)a^{w)} - {{xf{y)u}a^{v)a‘^{w)} 

- {{xyf{u)}a^{v)a‘^{w)} + {f{{xyu})a‘^{v)a^{w)} - {a^{u){f{x)yv}a‘^{w)} 

- {a‘^{u){xf{y)v}a‘^{w)} - {a‘^{u){xyf{v)}a‘^{w)} + {a‘^{u)f{{xyv})a‘^{w)} 

- {a^{u)a^{v){f{x)yw}} - {a‘^{u)a‘^{v){xf{y)w}} - {a^{u)a^{v){xyf{w)}} 

+ {a^ {u)a^ {v) f {{xyw})} + {fa'^{x)a‘^{y){uvw}} + {a‘^{x)fa‘^{y){uvw}} 

+ {a‘^{x)a‘^{y)f{{uvw})} - f{{a‘^{x)a‘^{y){uvw}}) - {f{{xyu})a‘^{v)a‘^{w)} 

- {{xyu}fa^{v)a‘^{w)} - {{xyu}a^{v)fa‘^{w)} + f{{{xyu}a^{v)a^{w)}) 

- {foi‘^{u){xyv}a'^{w)} - {a‘^{u)f{{xyv})a^{w)} - {a^{u){xyv}fa‘^{w)} 

+ f{{oi‘^{u){xyv}a‘^{w)}) - {fa^{u)a‘^{v){xyw}} - {a‘^{u)fa‘^{v){xyw}} 

- {a^{u)a^{v)f{{xyw})} + f{{a^{u)a^{v){xyw}}) 

= 0 . 

Moreover, by fll.5p and fll.bp . one obtains 

djS}f{x, y, z) = Ox,y,z {[d}f{x, y)a{z)] + 5]f{[xy],a{z)) + 5]j{x, y, z)) 

= Ox,y,z {[[xf{y)]a{z)] + [[f{x)y]a{z)] - [f{[xy])a{z)]) 

+ C)x,y,z {[[xy]fa{z)] + [f{[xy])a{z)] - f {[[xy]a{z)])) 

+ C)x,y,z {{f{x)yz} + {xf{y)z} + {xyf{z)} - f{{xyz})) 

=0 

and 

dhd]if{x,y,z,u) 

= Ox,y,z {{d}f{x, y)a{z)a{u)} + 6}jf{[xy],a{z),a{u))) 

= C)x,y,z {{[xf{y)]a{z)a{u)} + {[f{x)y]a{z)a{u)} - {f{[xy])a{z)a{u)}) 

+ C)x,y,z {{f{[xy])a{z)a{u)} + {[xy]fa{z)a{u)} + {[xy]a{z)fa{u)}-f{{[xy]a{z)a{u)})) 
={[xf{y)]a{z)a{u)} + {[yf{z)]a{x)a{u)} + {[zf{x)]a{y)a{u)} 

+ {[f{x)y]a{z)a{u)} + {[f{y)z]a{x)a{u)} + {[f{z)x]a{y)a{u)} 

+ {[xy]fa{z)a{u)} + {[yz]fa{x)a{u)} + {[zx]fa{y)a{u)} 

= 0 . 


For {f,g) e HomC^{L,L) x HomC\L,L), 
d^id^ifixi, ■■■ ,Xg) 
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={a^{xi)a^{x 2 )Sjf{x 3 , ■■■ , Xg)} - {a^{x3)a^{x4)S]f{xi, X2, X5, Xq)} 

2 6 _ 

+ ^ ^ {-!)’" Sjfia^ixi), • • • , a‘^{x2k-i), a‘^{x2k), ■■■ , {x2k-iX2kXi}, • • • , a^ixe)) 

k=l i=2k-\-l 

- 5 ]g{a{xi), • • • , a(x4), [xsXg]) + [a^{x3)5]g{xi, ■■■ , X4, xq)] + [S^ig{xi, • • • , a;5)a^(a;6)] 
={a^{xi)a^{x2){a{x3)a{x4)f{x5, Xg)}} - {a^{x3)a^{x4){a{xi)a{x2)f{x5, Xg)}} 
-{{a{xi)a{x2)a{x3)}a^{x4)a^f{x5, xg)} - {a^{x3){a{xi)a{x2)a{x4)}a‘^f{x5, xg)} 
+f{{{xiX2X3}a‘^{x4)a‘^{x3)}, a'‘(xg)) + f{{a^{x3){xiX2X4}a^{x3)}, a^{xe)) 
+f{{a‘^{x3)a‘^{x4){xiX2X3}}, a‘^{xQ)) - f{{a‘^{xi)a‘^{x2){x3X4X3}}, a^(a:g)) 

+f{a^{x5), {{xiX 2 X 3 }a‘^{x 4 )a^{x(i)}) + f{a'^{x 5 ),{a^{x 3 ){xiX 2 X 4 }Q:‘^{xe)}) 

+f{a^{x5), {a‘^{x 3 )a^{x 4 ){xiX 2 X(i}}) - f{a^{x 3 ),{a^{xi)a^{x 2 ){x 3 X 4 Xe}}) 
-{a^{xi)a^{x2)[a^{x3)g{x3, X4, Xg)]} + [{a^{xi)a^{x2)a^{x3)}a^g{x3, X4, Xg)] 

+ [a^{x5){a^{xi)a^{x2)g{x3, X4, xg)}] - {a^(xi)Q;^(x2)[5'(x3, X4, X5)a^(xg)]} 

+ [a‘^g{x3, X4, X5){a^(xi)a^(x2)Q;^(x6)}] + [{a^(xi)a^(x2)fi'(x3, X4, X5 )}q;^(x 6)] 
+{a^(x3)a^(x4)[a^(x5)5((xi, X2, Xg)]} - [{a^(x3)a^(x4)a^(x5)}a^^(xi, X2, Xg)] 
-[a^{x 5 ){a^{x 3 )a^{x 4 )g{xi, X2, xe)}] + {a^(x 3 )a^(x 4 )[fi'(xi, X2, X5)Q;^(xg)]} 

-[a‘^g{xi, X2, X5){a^(x3)a^(x4)Q;^(x6)}] - [{a^{x3)a^{x4)g{xi, X2, X5)}a^(x6)] 
-^(a^(x3), a^(x4), [{xiX2X5}a^(x6)]) - ^(a^(x3), a^(x4), [a^(x5){xiX2X6}]) 
+c/(a^(x 3 ),a^(x 4 ), {Q;(xi)a(x2)[x5Xg]}) + g{a^{xi),a^{x2), [{x 3 X 4 X 5 }a^(xg)]) 
+^(a^(xi),a^(x2), [a^(x5){x3X4X6}]) - ^(a^(xi), a^(x2), {a(x3)a(x4)[x5Xg]}) 

+{a5f(xi, X2, X 3 )a^(x 4 )[a^(x 5 )a^(xg)]} - [a'‘(x5){5f(xi, X2, X 3 )a^(x 4 )a^(xg)}] 

-[{5f(xi, X2, X 3 )Q;^(x 4 )a^(x 5 )}Q;^(xg)] + {a^{x3)ag{xi, X2, X 4 )[tt^(x 5 )a^(xg)]} 
-[Q;^(x 5 ){a^(x 3 )^(xi, X2, X4)tt^(x6)}] - [{a^(x 3 )^(xi, X2, X4)a^(x5)}Q;^(x6)] 

=0 

and 

^n^n 9 ixi, ■■■ ,xr) 

3 

= y^(-l)^+^{a^(x2fc-i)a^(x2fc)(^jj5'(xi, • • • , x^i, x^, • • • , X7) 
k=l 

3 7 _ 

+ ^ ^ (-lfSjjg(a^(xi), ■■■ , a^(x2k-i), 0'^(x2k), ■■■ , {x2k-iX2kXi}, ■■■ , a^ixr)) 
k=l i=2k-l-l 

+{^n 9 (^u ■ ■ ■ ,X5)a^(xg)a'‘(x7)} - {djjg(xi, ■ ■ ■ , X4, Xg)Q;^(x5)Q;^(x7)} 
={a'‘(xi)Q;^(x2){a^(x3)a^(x4)5((x5,X6,X7)}}-{Q;^(x3)Q;^(x4){a^(xi)a^(x2)5'(a;5,a:g,X7)}} 
-{a^({xiX2X3})a'^(x4)a^5((x5, Xg, X7)} - {a^(x3)a^({xiX2X4})a^^(x5, Xg, X7)} 
-{q:"^(xi)q;^(x2){5'(x 3, X4, X5)Q;^(xg)Q:^(x7)}} + {Q;^5f(x3, X4, X5)Q;^({xiX2Xg})Q;^(x7)} 
+{a^^(x 3 , X 4 , X 5 )a'‘(xg)a^({xiX 2 X 7 })} + {{a^(xi)Q;^(x 2 )^(x 3 , X 4 , X 5 )}a'‘(xg)a^(x 7 )} 
-{a'‘(xi)a^(x2){a^(x5)^(x3, X4, Xg)a^(x7)}} + {a^({xiX2X5})a^5((x3, X4, X6)a^(x7)} 
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+{a^(x5)a^fi'(x3, Xi, XQ)a^{{xiX2X'j})} + {a^{x^){a^{xi)a^{x2)g{x:i, X4,, XQ)}a‘^{x7)} 
-{a^{xi)a^{x2){a^{xr,)a^{x(s)g{xz,Xi,X7)}} + {a^{x^)a^{xQ){a^{xi)a^{x2)g{xz,Xi,X7)}} 
+{a^{{xiX2X7,})a^{xQ)a^g{x‘i, X 4 , X7)} + {a^{x^)a^{{xiX2XQ})a^g{x'i., X4, X7)} 
+{a^{xz)a‘^{x4){g{xi, X 2 , X5)a‘^{xe)a‘^{x7)}} - {a‘^g{xi,X2, X5)a‘^{{x3X4XQ})a'^{x7)} 
-{a^g{xi, X2, X7>)a^{xQ)a^{{x2.X4X7})} - {{oi^{x:i)a^{x4)g{xi,X2, X5)}a'^{x(i)a^{x7)} 
+{a'^{x3)a^{x4){a‘^{x5)g{xi,X2, XQ)a^{x7)}} - {a^{{x3X4X3])g{xi, X 2 , X(i)a^{x7)} 
-{a^{x5)a‘^g{xi, X 2 , XG)a‘^{{x3X4X7})} - {a‘^{x5){a‘^{x3)a^{x4)g{xi, X 2 , XG)}a^{x7)} 
+{a^{x3)a^{x4){oi^{xG)a^{xG)g{xi,X2,X7)]}-{a^{xG)a^{xG){a^{x3)a^{x4)g{xi,X2.,X7)}} 
-{a^{{x3X4XG})a^{xG)a^g{xi, X2, X7)} - {a^{xG)a^{{x3X4XG})a^g{xi, X2, X7)} 
-{a^{x5)a‘^{xG){g{xi, X 2 , X3)a‘^{x4)a^{x7)}} + {a‘^g{xi, X2, X3)a^{x4)a^{{xGXGX7})} 
-{{g{xi,X2,X3)a^{x4)oi^{xG)}a^{xG)a^{x7)}-{{a^{xG){g{xi,X2,X3)a^{x4)a^{xG)}a^{x7)} 
-{a^{xG)a‘^{xG){a^{x 3 )g{xi,X 2 , X 4 )a^{x 7 )}} + {a‘^{x 3 )a^g{xi, X2, X 4 )a^{{xGXGX 7 })} 
-{{a^{x3)g{xi,X2,X4)a^{xG)}a‘^{xG)a‘^{x7)}-{a‘^{xG){a^{x3)g{xi,X2,X4)a^{xG)}a‘^{x7)} 
+g{{{xiX2X3]a^{x4)a^{xG)},a^{xG),a^{x7))+g{{a^{x3){xiX2X4]a^{xG)},a^{xG),a^{x7)) 
+g{{a^{x3)a^{x4){xiX2XG}},a‘^{xG),a‘^{x7))-g{{a^{xi)a^{x2){x3X4XG}},a‘^{xG),a‘^{x7)) 
+g{{a^{xG),{{xiX2X3}a^{x4)a^{xG)}.,a^{x7))+g{{a^{xG),{a^{x3){xiX2X4}a^{xG)}.,a^{x7)) 
+g{{a^{xG),{a^{x3)a^{x4){xiX2XG}},a^{x7))-g{{a^{xG),{a^{xi)a^{x2){x3X4XG]],Oi^{x7)) 
+g{a‘^{xG), a'^ixe), {{xiX2X3}a^{x4)a^{x7)}) + g{a^{xG),a^{xG),{a^{x3){xiX2X4}a^{x7)}) 
+c/(a^(x5), {a^{x3)a^{x4){xiX2X7]}) - g{a^{xG),a^{xG),{a^{xi)a^{x2){x3X4X7}]) 

-g{a^{x 3 ), a^{x 4 ), {{xiX 2 XG}a^{xG)a^{x 7 )}) - g{a^{x 3 ),a^{x 4 ),{a^{xG){xiX 2 XG}a^{x 7 )}) 
-g{a‘^{x 3 ), a'^{x 4 ), {a‘^{xG)a‘^{xG){xiX 2 X 7 }}) + g{a^{x 3 ),a^{x 4 ),{a^{xi)a^{x 2 ){xGXGX 7 }}) 
+g{a^{xi), a^{x 2 ), {{x 3 X 4 XG}a^{xG)a^{x 7 )}) + g{a^{xi),a^{x 2 ),{a^{xG){x 3 X 4 XG}a^{x 7 )}) 
+g{a^{xi), a^{x2), {a‘^{x5)a^{xG){x3X4X7}}) - g{a*{xi), a'^{x2), {a^{x3)a^{x4){x5XGX7}}) 
= 0 , 

where the items that could be canceled in pairs are omitted. The proof is completed. □ 
Dehne 

HomZ^{L,L)xHomZ^{L,L) = {{fJ)eHomC}{L,L)xHomC}{L,L) \ = (0,0)}, 

HomZ^{L,L) X HomZ^{L,L) 

={U,g) e HomC\L,L) X HomC\L,L) \ {Sl6h){f,g) = {dldjj){f,g) = (0,0)}, 
HomZ\L,L) X HomZ^{L,L) 

={{f,g) e HomC\L,L) x HomC\L,L) \ (h|, hf,)(/, ^) = (0,0)}, 


HomB‘^{L,L) x HomB%L,L) = {{S}, S}j){fJ) \ f e HomC\L,L)}, 



HomB^{L, L) X HomB^{L, L) = {{6‘j, S‘jj){f, g) \ {f,g) E HomC^{L,L)xHomC^{L,L)}. 
Then by Theorem \2Al 


HomB^(L,L) x HomB^{L,L) C HomZ^{L,L) x HomZ^{L,L), 
HomB^{L,L) x HomB^{L,L) C HomZ^{L,L) x HomZ^{L,L). 


So one could define 


HomH\L,L) x HomH\L,L) = HomZ\L,L) x HomZ\L,L) 


HomH^{L,L) x HomH^{L,L) 


HomZ^{L,L) X HomZ^{L,L) 


HomB‘^{L,L) x HomB^{L,L) 


and 


HomH^{L,L) x HomH\L,L) 


HomZ\L,L) X HomZ\L,L) 
HomB\L,L) x HomB^{L,L) 


as the first, second and third cohomology groups of (L, a), respectively. 

Definition 2.5. A linear map D ■. L ^ L is called the a’^-derivation of {L, [•, •], {•, •, •}, a), 
if D satisfies D o a = a o D and 



derivation of {L, a) if and only if{D,D) G HomH^{L, L) x HomH^{L, L). 

Denote by Deiak^L) the set of all -derivations of (L, [•, •], {•, •, •}, a). 

Theorem 2.6. Set Der(L) = DerQ,fc(L). Then Der(L) is a Lie algebra. 

Proof. It is sufficient to prove [Der„fc(L), DercsfL)] C Der„fe+s(T). Now suppose that 
D e Der„.(L) and D' G Der„.(L). Then 

[D, D'] oa = DoD'oa — D'oDoa = ao(^DoD' — D'oD)=ao[D, D']. 


Note that 


[D, D']i[xy]) =Di[a\x)D\y)] + [D\x)a^{y)]) - D\[a\x)Diy)] + [Dix)a>^{y)]) 

= [Da\x)a’^D'{y)] + [a’^+%x)DD'{y)] + [DD'{x)a’^+\y)] + [a^D\x)Da\y)] 
- [D'a^{x)aW{y)] - [a^+%x)D'D{y)] - [D'D{x)a’^+%y)] - [a^D{x)D'a\y)] 

=[[D.D'](x)a‘+'(y)] + |a‘+*(x)|£>, D'](!/)], 
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and 


[D,D']{{xyz}) 

=D{{D\x)a''{y)a\z)} + {a\x)D'{y)a\z)} + {a*(a;)a*(?/)D'( 2 ;)}) 

- D'{{D{x)a\y)a\z)} + {a\x)D{y)a\z)} + {a\x)a\y)D{z)}) 
={DD\x)a^^\y)a^^\z)} + {a^ D'{x)Da\y)a^^\z)] + {a'^D'(a;)a'=+*(l/)Da"(z)} 

+ {Da"(x)a^D'(2/)a^+*(z)} + {a^+\x)DD'{y)a^+\z)} + {a^+"(x)a^D'(?/)Da*(z)} 

+ {Da^{x)a'^+^{y)a'^D\z)} + {a^+"(x)Da"(2/)a^D'(z)} + {a^+"(x)a^+"(?/)DD'(z)} 

- {D'D{x)a^^\y)a^^\z)] - {a^D{x)D'a\y)a^^\z)] - {a^D{x)a^^\y)D'a^{z)] 

- {D'a^{x)a^D{y)a'^+\z)] - {a^^\x)D'D{y)a^+\z)] - {a'^^\x)a^D{y)D'a^{z)] 

- {D'a'^{x)a'^+^{y)a^D{z)} - {a^+^{x)D'a'^{y)a^D{z)} - {a'^+^{x)a'^+^{y)D'D{z)} 
={[D,D']{x)a^+\y)a^+\z)] + {q^+\x)[D, D']{y)a^+\z)] + {a^+\x)Q^+^{y)[D, D']{z)]. 

It follows that [D, D'] G Der^k+s (L), □ 

3 Deformations of a Horn-Lie-Yamaguti algebra 

Suppose that (L, [•, •], {•, •, •}, a) is a HLYA over K. Let K[[t]] be the ring of formal 
power series over K and L[[t]] be the set of formal power series over L. Then for a K- 
bilinear map f ■. L x L ^ L and a K-trilinear map g : L x L x L ^ L, it is natural to 
extend them to be a Kihll-bilinear map f : L\\tW x L\\t]] —)■ L\\t]] and a Kihll-trilinear 
map g : L[[t]] x L[[t]] x L[[t]] -)■ L[[t]] by 

/ (^Xit\^yjtA = ^ f{xi,yj)e^^, 

\i>0 j>0 J i,j>0 

gy^Xit\^yjt^,^Zkt'"\ = ^ g{xi,yj,Zk)f^^^^. 

\i>0 i>0 k>0 / i,j,k>0 

Definition 3.1. Suppose that (L, [•,•],{•,•,•}, a) is a HLYA over K. A one-parameter 
formal deformation of (L, [•, •], {•, •, ■},a) is a pair of formal power series {ft,gt) of the 
form 

ft = [•)•] + fit\ 9t = {•, •, •} + 9it\ 

i>l i>l 

where each fi : L x L ^ L is a 'K-bilinear map (extended to be K.[[f\]-bilinear) and 
each gi : L X L X L ^ L is a 'K-trilinear map (extended to be K[[fW-trilinear) such that 
{L[[fW, ft, gt, a) is a HLYA ot'erK[[f]]. Set fo = [•,•] and go = {■,■, ■}, then ft and gt can 
be written as ft = J2i>o M" 9t = J2i>o9it\ respectively. 
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Note that {L[[t]], ft, gt, cx) is required to be a HLYA. Then the following equations 
must be satished: 


Mx,y) = ft{a{x),a{y)), (3.1) 

a o gt{x, y, z) = gt{a{x),a{y), a{z)), (3.2) 

ft{x,x) = 0, (3.3) 

gtix,x,y) = 0, (3.4) 

Ox,y,z iftiftix, y), a{z)) + gt{x, y, z)) = 0, (3.5) 

C)x,y,z gt{ft{x, y),a{z),a{u)) = 0, (3.6) 

gt{a{x),a{y),ft{z,u)) = ft{gt{x,y, z), a‘^{u)) + ft{a‘^{z), gt{x,y,u)), (3.7) 


gt{of{u), a^{v),gt{x, y, z)) =gt{gt{u, v, x),a^{y), a^^iz)) + gt{a^{x), gt{u, v, y), a‘^{z)) 

+ gtia'^ix), a‘^{y),gt{u, v, z)). 

(3.8) 

Equations fl3.111 - 03.8p are equivalent to 


fn{x,y) = fn{o;{x),a{y)), dSTj) 

« o g^{x, y, z) = gnia{x), a{y),a{z)), dO) 

fnix,x) = 0, ([ 331 ) 

gn{x,x,y) = 0, dM) 

Ox,y,z ( + 9n{x,y,z)] =0, (jSSJ) 

\i+j=n / 

Ox,y,z ^ giifjix,y),a{z),a{u)) = 0, (jSSI) 

i-\-j=n 


'^gi{a{x),a{y),fj{z,u))= ^ (^fi{gj{x,y, z),a‘^{u)) + fi{a^{z), gj{x,y,u))y dS2I) 

i-\-j=n i-\-j=n 

gi{a^{u),a^{v),gj{x,y,z)) = ^ {^gi{gj{u,v,x),a^{y),a^{z)) 

i-\-j=n i-\-j=n 

+gi{a^{x),gj{u, v, y),a^{z))+gi{a^{x),a^{y),gj{u, v, z))'j, 

m) 

respectively. These equations are called the deformation equations of a HLYA. Equa¬ 
tions 03.Hp - 03.4ip imply that {fi,gi) G HomC‘^{L, L) x HomC^{L, L). 

Let n = 1 in (O-dSSU). Then 

0 =C)x,y,z {[flix, y)a{z)] + fi{[xy],a{z)) + gi{x, y, z)), 

0 =C)x,y,z {{flix, y)a{z)a{u)} + gi{[xy],a{z),a{u))), 

0 ={a{x)a{y)fi{z,u)} + gi{a{x),a{y), [zu]) - [gi{x,y, z)a‘^{u)] 

- fi{{xyz},a'^{u)) - [a'^{z)gi{x,y,u)] - fi{a^{z),{xyu}). 
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0 ={a^{u)a^{v)gi{x,y,z)} - {gi{u,v,x)a^{y)a^{z)} - {a^{x)gi{u,v,y)a^{z)} 

- {a^{x)a^{y)gi{u, v, z)} + gi{a‘^{u),a‘^{v),{xyz}) - gi{{uvx}, a^{y),a^{z)) 

- {uvy}, a^{z)) - gi{a^{x),a^{y),{uvz}), 

which imply (hf, hf^)(/i, ^i) = {dj, djj){fi, gi) = (0,0), i.e., 

{fi,gi) e HomZ^{L,L) x HomZ^{L,L). 

The hrst order term {fi,gi) is called the infinitesimal of {ft,gt)- 

Definition 3.2. Suppose that {ft,gt) and {fl,g't) are two one-parameter formal defor¬ 
mations of (L, [•, •], {•, •, ■},a). They are called equivalent, denoted by {ft,gt) rsj if 

there is a linear isomorphism of HLYA = Ylii>o fi'o 9n 

such that 


(fo = idi, <l>i o a = a o <|>t, 

^toft{x,y) = /;($t(a;),$i(|/)), <l>t o g^{x,y, z) = g[{(l>t{x), <l>t{y), <l>t{z)). 

In the ease {fi,gi) = ^ 2 , 92 ) = ■■■ = (0,0), {ft,9t) = {fo,9o) is called the null deforma¬ 
tion. A one-parameter formal deformation {ft,9t) is said to be trivial if {ft, 9t) rsj {fo, 9o)- 
A HLYA {L, [•, •], {•, •, •}, a) is called analytically rigid if every one-parameter formal de¬ 
formation {ft,gt) is trivial. 

Theorem 3.3. Let {ft,gt) and {ff gf) be equivalent one-parameter formal deformations 
0 /(L, a). Then {fi,gi) and {fi,gi) belong to the same cohomology class in 

HomH^{L,L) x HomH^{L,L). 

Proof. It is sufficient to prove (/i — f[,gi — gf) G HomB‘^{L, L) x HomB^{L, L). 
Suppose that = X^j>o 0*^* : {L[[fW, ft, 9t, o:) {L[[fW, fj., g{,a) is an isomorphism such 

that 


00 = idL, o a = a o <|>i, 

o ft{x,y) = fl{(I>t{x),(!>t{y)), (I>t o gt{x,y, z) = g[{(l>t{x), (I>t{y), (I>t{z)). 
Then 0i G HomC^{L, L) and 

('^fj{x,y)T'\ =5^// ('^Mx)t’','^My)t^ 


i>0 


O>0 


i>0 \k>0 


l>0 


9j{x,y,z)P 

i>0 Vi>0 / i>0 \k>0 l>0 m>0 


(Pm{z)f‘ 


Hence 


fi{x, y) + <t)i{[xy]) = [x(i)i{y)] + [<t)i{x)y] + f[{x, y), 

9i{x, y, z) + (j)i{{xyz}) = {(l)i{x)yz} + {a;0i(|/)x} + {xy(j)i{z)} + g[{x, y, z) 

Therefore, (/i - fi,gi - g'l) = (5), h)^)(0i, 0i) G HomB‘^{L,L) x HomB^{L,L). 


□ 
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Theorem 3.4. Suppose that (L, a) is a HLYA. Then (L, a) is 

analytically rigid, if HomH‘^{L, L) x HomH^{L,L) = 0. 

Proof. Let {ft, gt) be a one-parameter formal deformation of (L, a). Snp- 

pose ft = fo + and gt = go + Set n = r in fl3.5ID - fl3.8ID . It follows 

that 

{fr,gr) e HomZ^{L,L) X HomZ^{L,L) = HomB^{L,L) x HomB^{L,L). 

Then there exists hr G HomC^{L, L) snch that {fr,gr) = {5]hr,5]jhr). 

Consider 4>t = idL — hrP. Then : L —)• L is a linear isomorphism and <htOQ! = q;o$^. 
Let 

ft{x,y) = ^f^ft{^t{x),^t{y)), g't{x,y,z) = ^f^gt{^t{x),^t{y),^t{z)). 

Assnme that fj. = J2i>ofi^^ and use the fact ^tft{x,y) = ft{^t{x),^t{y))- Then 

(idi - hrf)'^f-{x,y)f = (fo {x - hr{x)f ,y - hr{y)f), 

i>0 \ 2>r / 


that is, 

yY -^hro f'.{x, 

i>0 i>0 

=fo(x, y) - fo{hr{x),y)f - fo{x, hr{y))f + fo{hr{x),hr{y))Y 

+ ^ fiY, yY - ^ fi{hr{x),yY^'’ - ^ fiY, hr{y)Y^'' + fi{hr{x),hr{y)Y^‘^''- 

i>r i>r i>r i>r 

So fo{x,y) = fo{x,y) = [xy], f[{x,y) = ■■■ = fYiY,y) = 0 and 

fr{x,y) - hr{[xy]) = -[hr{x)y] - [xhr{y)] + fr{x,y). 

Hence Y{x, y) = -5]hr{x, y) + fr{x, y) = 0, which implies f'^ = [•,•] + E*>r+i fY- la the 
same way, we have g[ = {•, •, •} -|- J2i>r+i dY■ clear that {fl,g't) is a one-parameter 
formal deformation of (L, [•,•],{•,•,•}, a) and {ft,gt) ~ {ft^g't)- By induction, one gets 
{ft, gt) ~ {fo, go)- Therefore, (L, [•, •],{•,•,•}, a) is analytically rigid. □ 

In the deformation theory of other algebraic structures, the obstructions are in the 
same cohomology theory as the inhnitesimal deformations but one dimension higher. But 
the usual approach doesn’t work for HLYAs: 

Let {fo,go) = ([•,•],{•,•,•}) and {fi,gi) G HomZ‘^{L,L) x HomZ^{L,L). Then 
{fo,go), {fi,gi) satisfy the deformation equations tmu-tm]) for n = 1. Set 

F{x,y,z,u) = fi{gi{x,y,z),Y{u)) + fi{Y{z),gi{x,y,u)) - gi{a{x),a{y), fi{z,u)), 
G{u, V, x, y, z) v, x),Y{y), Y{z)) -F gi{Y{x), gi{u, v, y),Y{z)) 

+ gi{Y{x), Y{y),gi{u, V, z)) - gi{Y{u),Y{v),gi{x, y, z)). 
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Then (F, G) E HomZ\L, L) x HomZ^{L, L). If HomH\L, L) x HomH^{L, L) = 0, then 
there exists a pair (/ 2 ,fi' 2 ) £ HomC^{L, L) x HomC^{L, L) such that g 2 ) = 

(—F, —G). Based on one’s experience in other algebras, (/o, go), {fi,gi) and (/ 2 , g 2 ) would 
satisfy the deformation equations dSHD-dSSID for n = 2. Note that dSHD-dOD clearly 
hold since {fi,gi) E HomC^{L,L) x HomG^{L, L) and it is straightforward to verify 
{fo,go), (/i,5'i) and (/ 2 , 5 ' 2 ) satisfying fl3.7ip and fl3.8ip for n = 2. However, one could not 
prove that (/o,fi'o), {fi,gi) and (/ 2 ,c/ 2 ) satisfy fl3.5l|) or fl3.6ip for n = 2. Therefore, the 
obstructions of a HYLA involve other cohomology theory instead of the one carried over 
from Lie-Yamaguti algebras in [25], directly. 
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